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ABSTRACT. Let C denote the category of compact Hausdorff spaces and continuous
maps. Let S: C — SC denote the functor of shape in the sense of Holsztyfiski from C to
the shape category SC determined by the homotopy functor H: C — HC from C to the
homotopy category HC. Let A, B, and D denote compact connected abelian topological
groups. In this paper it is shown that if G is a morphism in the shape category from A to
B, then there is a unique continuous homomorphism g: 4 — B such that S(g) = G. This
theorem is used in a study of shape properties of continua which support an abelian
topological group structure. The following results are shown: (1) The spaces 4 and B are
shape equivalent if and only if 4 =~ B. (2) The space 4 is movable if and only if 4 is locally
connected. (3) The space A shape dominates B, S(4) > S(B), if and only if there is a D
such that 4 == B X D. (4) The fundamental dimension of 4 is the same as the dimension
of A4, Sd(4) = dim A.

In an Appendix it is shown that the Holsztynski approach to shape and the approach of
MardeSic and Segal using ANR-systems are equivalent. Thus, the results apply to either
theory and to the Borsuk theory in the metrizable case.

Introduction. Let C denote the category of compact Hausdorff spaces and
continuous maps. Let S: C — SC denote the functor of shape in the sense of
Holsztynski on the category C of compact Hausdorff spaces and continuous
maps to the shape category SC (see [6, Example 5.9]). This functor is continuous
and factors through the homotopy category HC, S = F o H, where H: C - HC
is the homotopy functor and F: HC — SC. We will only be interested in the case
in [6] that the projection functor E: C = EC is the homotopy functor H and that
the functor S is the unique one given by Theorem 5.5 of [6] for H. For
convenience, we will assume that S is the functor of shape constructed in §4 of
[6] for the pair (C, H). We remark that the H-objects in this case are the
compacta homotopically dominated by polyhedra [6, Example 5.9] which in-
cludes the ANR’s. In an Appendix we show that the Holsztyfiski approach to
shape in [6] and the approach of Mardesi¢ and Segal in [8] using ANR-systems
are equivalent so that our results apply to either theory.

Let 4 and B denote compact connected abelian topological groups. In the first
section of this paper it is shown that if G is a morphism in the shape category SC
between the continua 4 and B, then there is a unique continuous homomorphism
8: A = Bsuch that S(g) = G. We obtain one immediate corollary: 4 and B are
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shape equivalent if and only if they are isomorphic as topological groups. In the
next three sections of the paper we use the results of the first section to study the
shape properties of continua which support abelian topological group structures.
The properties that we study are movability, shape domination, and fundamental
dimension.

Notation. We assume a knowledge of shape theory as developed in the paper
of W. Holsztynski [6]. Except for the Appendix we are only interested in the case
that the category C is that of compact Hausdorff spaces and continuous maps
and the projection functor E in §§2, 3, 4, and 5 of [6] is the homotopy functor H.
We assume a knowledge of locally compact topological groups and of the
structure of locally compact abelian topological groups. A knowledge of Pon-
tryagin duality is also assumed. The second edition of Pontryagin’s book [9] is a
good reference. If 4 is a locally compact abelian topological groups and T is the
circle group, then the character group of 4, Hom(4, T) with the compact-open
topology, is denoted by char 4. If g: 4 — B is a continuous homomorphism,
then the dual of g is denoted by g*: char B — char A. If G is a connected locally
compact topological group, then there is an inverse system of Lie groups
{Ly; mp;a < B € A} with the projections 7,(G) = L, continuous homomor-
phisms. If G is compact connected and abelian, then the L,’s are tori T;™.

1. Shape morphisms and continuous homomorphisms. In this section we show
that if 4 and B are compact connected abelian topological groups, then there is
a one-to-one correspondence between the continuous homomorphisms from 4 to
B and the morphisms between 4 and B as continua in the shape category. First
we state a theorem essentially due to W. Scheffer [11].

1.1. Theorem (Scheffer). Let A be a compact connected topological group and B
a compact connected abelian topological group with identities e and 0, respectively. If
f: A > B is a continuous map with f(e) in the arc-component of 0 in B, then there is
a unique continuous homomorphism from A to B homotopic to f.

Observe that f in the theorem is homotopic to a continuous g: G— B with
g(e) = 0. Theorem 1.1 then follows from Corollary 2 of [11].

We will use Theorem 1.1 to prove Theorem 1.2. Then taking 1.1 and 1.2
together we have a description of the relationship of the shape functor and the
homotopy functor on continua supporting abelian group structures.

1.2. Theorem. Let A and B be compact connected abelian topological groups and
let G be a morphism in the shape category from A to B. Then there is a unique
continuous homomorphism g: A — B such that S(g) = G.

Proof. Let G be a morphism between the compact spaces 4 and B in the shape
category SC. Then G is a covariant functor G: Hy — H, such that G(H(f))
= H(f) for each morphism H(f) in Hjp (see [6, §4]). Recall that Hy is the
category which has as its objects the class of morphisms H(p): X — P in the
homotopy category HC where P is an H-object in C. The morphisms of Hy are
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Mor,, (H(p),H(q)) = {H(f): P - Q: H(f) ° H(p) = H(q)}

where H(p): X = P and H(g): X — Q are objects of Hy. Now if T is the circle
group, then the set of all homotopy classes of maps Mor,.(4,T) and
Mor ;. (B, T) is a subclass of the objects of H, and Hp, respectively, since T is
an H-object. If we let + denote the group operation on 7, then Mor . (4, T') and
Mor ;. (B, T') have group structures induced by + which are isomorphic to char 4
and char B where the isomorphism from Mor . (4, T) and Mor . (B, T) to
char 4 and char B is given by Theorem 1.1. Now G: ob Hz — ob H, has the
property that G(Mor . (B, T)) C Mor,. (4, T). This is because if f: 4 — P is
a continuous map with P an H-object and G(H(f)) = H(p), then p: B — P;
otherwise G(H(i)) # H(i) where i: P — P is the identity map on P with H(i) a
r1orphism in Hp. Now the group structure on Mor ;. (4, T') and Mor . (B, T) is
induced by +: T? —» T with T? also an H-object. If H(f) and H(g) are in
Mor, (B,T), then one can easily show that G(H(f) + H(g)) = G(H(f))
+ G(H(g)) using the fact that G(H(+)) = H(+). Therefore G induces a
homomorphism G': Mor(B, T)>Mory (4. T). This induces a homomor-
phism G*: char B —  char 4. Let g: 4 — B be the unique continuous
homomorphism which induces G*: char B — char 4. Now g induces a shape
morphism S(g): 4 — B which we will now show must be equal to G. Suppose
that S(g) # G. As remarked in the Introduction, B = inv lim{T,*; 7,5;a < B
€ A} where the T,™’s are tori and the 7,g’s are continuous homomorphisms. Let
{m,: @ € A} be the projections making B the projective limit of the inverse
system. By [6, Lemma 4.1], there must be an a such that S(g)(H(w,))
# G(H(m,)): Let T" = T X -+ X T, and let p;: > = T, be the coordinate
projections fori = 1, ..., n,. Since S(g)(H(n,)) # G(H(=,)), there must be an
index i such that H(p;) o S(g)(H(m,)) # H(p;) o G(H(w,)). For that index i we
have that H(p) > S(g)(H(m)) = S(g)(H(p; o m,)) and H(p,)° G(H(,))
= G(H(p; o m,)). However, H(p; > m,) € Mor,.(B,T) and thus S(g)(H(p,
°m)) = G(H(p, > m,)). This implies that H(p)e S(g)(H(m)) = H(p)
o G(H(m,)), a contradiction. Therefore S(g) = G.

If g and 4 are continuous homomorphisms from A4 to B such that S(g) = S(h)
= @, then g* = h* = G*: char B — char 4. Thus g = & and the continuous
homomorphism g is unique. The proof is complete.

1.3. Corollary. If A and B are compact connected abelian topological groups and
have the same shape, then A and B are isomorphic as topological groups.

1.4. Example. In [1, p. 331], examples are given of compact connected Lie
groups which have the same homotopy type (hence are of the same shape), but
which are not isomorphic. Actually, the Lie groups can be taken to be
homeomorphic and not isomorphic. Thus the fact that 4 and B are abelian in 1.2
and 1.3 is necessary. It is worth noting that H. Scheerer has shown in [10] that
two compact connected simply connected Lie groups having the same homotopy
type are isomorphic.



352 JAMES KEESLING

1.5. Example. Let C be the Cantor set. It is well known that there are 2%
nonisomorphic abelian group structures on C making C a topological group.
Thus it is necessary to have 4 and B connected in 1.2 and 1.3.

1.6. Remark. Theorems 1.1 and 1.2 taken together show the relationship
between the homotopy and shape functors on Mor (4, B) where 4 and B are
compact connected abelian topological groups. If f, g: 4 — B are continuous
functions with S(f) = S(g), then H(f) = H(g) if and only if for some (or for
all) a € 4, f(a) and g(a) are in the same arc-component of B.

1.7. Remark. There is another proof of Corollary 1.3. According to Steenrod
[12], if A is a compact connected abelian topological group, then there is an
isomorphism from H!(4, Z) to char A where H'(4, Z) is Cech cohomology with
integer coefficients. Now Cech cohomology is a shape invariant. Thus if 4 and B
are shape equivalent, then H'(4,Z) ~ H'(B,Z). Thus char 4 =~ char B and
A =~ B. S. Godlewski showed Corollary 1.3 for solenoids [3].

2. Movability. In this section we show that a compact connected abelian
topological group is movable if and only if it is locally connected. In this section
of the paper we will assume that the reader is familiar with the Mardesi¢ and
Segal approach to shape using ANR-systems [8]. We use their definition of
movability for a compactum X in terms of an ANR-system associated with X.
Movability is a shape invariant in the sense of Mardesi¢ and Segal [7]. By the
results in the Appendix it is a shape invariant in the sense of Holsztynski.

2.1. Definition. An ANR-system X = {X,;mg;a < B € A4} is said to be
movable provided that for each a € 4, there is a 8 > a such that for every
y > B there is a map r#7: X; — X, such that H(w,, o rf) = H(m,s). A compac-
tum X is said to be movable if an ANR-system associated with it is movable. As
shown in [7], if one ANR-system associated with X is movable, then every one is
and movability is a shape invariant.

2.2. Definition. Let G be an abelian group and H a subgroup of G. Then H is
said to admit division if whenever g € G and n is a positive integer, then ng € H
implies that g € H. This is equivalent to saying that G/H is torsion free. The
group G is said to have property L if every finite subset of G is contained in a
finitely generated subgroup that admits division.

The following theorem is in Pontryagin [9, Theorem 48, p. 260].

2.3. Theorem. A compact abelian topological group A is locally connected if and
only if char A has property L.

In the Introduction it was noted that it is known that a compact connected
abelian topological group is the inverse limit of an inverse system of tori
(I mp;a < B E B} with onto bonding maps which are continuous homomor-
phisms and with projection maps m,(4) = T* which are continuous homomor-
phisms. We will now show that this inverse system can be taken to be an ANR-
system as in [8, §2]. The only thing that the system lacks is that the index set B
may not be closure finite and this is easily remedied.
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24. Lemma. Let B be a directed set. Then there is a closure finite directed set B
and an increasing function f: B’ — B with f(B’) cofinal in B.

Proof. Let 3(B) be the set of all finite subsets of B and let B’ = {F € 9(B):
thereisana € Fwitha > Bforall € F). Let the order on B’ be defined
by F > F' if and only if F D F’. Now B’ is a directed set since for F and F in
B,thereisana € Bwitha > Bforall € FU K. If welet 5 ={a} U |
U F, then F; > F and F; > F, with F; € B'. It is closure finite since if F € B,
then there are less than 2°¢F G’s in B’ with G < F. Let f: B > B be any
function having the property that f(F) = a where a« € F and a > 8 for all
B € F. Then if F > F’, then f(F) > f(F’) and f is an increasing function.
Actually f(B’) is not only cofinal, it is onto since {a} € B’ for all « € B and
f((a}) = a

Now we can make {T,"; 7,4; & < B € B}into an ANR-system by replacing B
by the B’ given in Lemma 2.4 and obtaining {T7"f; mzg; F < G € B’} where
T7* = Tr)'® and 7rg = my(ryp)- Then A is the projective limit of this ANR-
system with projection maps 7z = ).

We also remark that Lemma 2.4 shows that there is no topological significance
to Theorem 7 in [8] since every compact Hausdorff space is known to be the
inverse limit of compact ANR’s. We can now state and prove the main theorem
in this section.

2.5. Theorem. Let A be a compact connected abelian topological group. Then A is
movable if and only if char A has property L. Consequently, A is movable if and only
if A is locally connected.

Proof. First we need some preliminary remarks. Now char 4 is the direct limit of
its finitely generated subgroups. That is, let { H,; Tyg; 0 SBE B} be such that a<p
if and only if H, CHg with H, and Hg finitely generated subgroups of char 4 and
€' Hy, — Hj the inclusion maps. Thenthe injection maps e,: H, — char A make
char A4 the injective limit of the direct system { H,; €0 SPEB }. Since 4 is con-
nected, char 4 is torsion free and each H,, is just a free group Z:"‘ . Taking the dual we
get an inverse system {I,* = char Z;*;mp = ezp;a < B € B} with A the
projective limit of the system by the projection maps 7,: 4 — T™ being the
unique continuous homomorphisms with 7} = e,. Let B’ be the closure finite
directed set described in the proof of Lemma 2.4 associated with B and let
{T#'r;mr6; F < G € B’} be the associated ANR-system. Now we will show that
if char 4 has property L, then 4 is movable. Suppose that char A has property
L. We will show that the ANR-system described above is movable and thus that
A is movable. Let F = {«,...,a,} € B’ with f(F) = a. Then T¥ = T™. Let
Zre C ZI;'B be such that Z;;B admits division in char A using the fact that char 4
has property L. Let G = {B,a),...,a,} € B".Then G > Fand f(G) = B. Now
suppose that P > G in B'. Since Z7¢ admits division in char 4, it admits division
in Zpgr. Thus ZgP/Z (¢ is torsion free and since it is finitely generated it is a free
group Z. Therefore Zgr ~ Z? X ZZ¢. Define r¢?: TS — T;'* as the map which
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is the dual of the map from Z}* to ZZ° having Z? as its kernel. Then we have
Tppo r®f = gz, Thus A is movable.

We will now show that if 4 is movable, then char A has property L. Suppose
that 4 is movable. We will use this fact to show that char 4 has property L. Let
F € B’ and let G > F be as in the definition of movability. Suppose that n is a
positive integer and that na € ZgF for some a € char 4. Then we claim that
a € Zgs. To prove that let P > G be such that Zp? is the subgroup of char 4
generated by {a} U ZJ¢. From the definition of movability and the choice of G,
there is a continuous map r¢?: T — T such that @z o r¢7 is homotopic to
7rg. By Theorem 1.1, we may assume that 7% is a homomorphism and that
gp © r6? = g, Thus we have a homomorphism p = (r97)*: Zpr — ZZ¢ such
that erg = p © egp. Now p(na) = na since epg(na) = na and egp(na) = na.
However, np(a) = p(na) = na with p(a) € Zg°. Now nth roots are unique in
char A4 since char A is torsion free. Thus p(a) = a and a € ZZ° Thus we have
proved our claim that if na € ZfF, then a € Zg% Now let L be the subgroup of
Z%6 consisting of the elements a € Z¢° such that for some integer n, na € Z*.
Then L admits division in char 4 and is finitely generated. Thus char 4 has
property L.

2.6. Example. It is known that the solenoids are not movable. Theorem 2.5
implies this and allows us to construct examples of both movable and nonmova-
ble continua by taking the character groups of discrete torsion free abelian
groups having property L or not having property L, respectively.

2.7. Theorem. Let A be a compact connected abelian topological group. When A
is not movable it is not arcwise connected.

Proof. If 4 is not movable, then char 4 does not have property L. Let Z" be a
finitely generated subgroup of char 4 which is not contained in any finitely
generated subgroup which admits division in char 4. Let M be the smallest
subgroup of char 4 containing Z" which does admit division in char A. Then the
rank of M is n and M does not have property L. The imbedding homomorphism
e: M — char A4 induces a map e*: A — char M which is onto. Now the dimen-
sion of char M is n [9, Theorem 47, p. 259] and char M is not locally connected.
Using the results of [2], char M cannot be arcwise connected since it is finite
dimensional and not locally arcwise connected. But e*(4) = char M and thus 4
cannot be arcwise connected either.

2.8. Example. Let Z denote the integers. Let A denote the compact connected
abelian topological group which is the character group of the discrete group Z%.
By Theorem 2.5, 4 is a movable continuum. It is known, however, that 4 is not
arcwise connected. In a subsequent paper we will show that any continuum shape
equivalent to 4 cannot be arcwise connected. Thus, the shape class of A4 is
movable, contains locally connected continua, but contains no arcwise connected
continuum.

3. Shape domination. Let X and Y be compacta. Then X shape dominates Y,
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S(X) > S(Y), if and only if there are shape morphisms G: X — Y and
G’: Y = X such that G o G’ is the identity shape morphism on Y. Theorem 1.2
allows us to prove the following theorem quite easily.

3.1. Theorem. Let A and B be compact connected abelian topological groups. Then
S(A4) > S(B) if and only if there is a compact connected abelian topological group
C such that A ~ B X C.

Proof. It is clear that if Z ~ B X C, then S(4) > S(B). Now suppose that
S(4) > S(B). Then by Theorem 1.2 there are continuous homomorphisms
g: A — B and h: B —> A4 such that g o h: B— B is the identity map. These
homomorphisms induce homomorphisms 4*: char 4 — char B and g*: char B
— char A with A* o g*: char B — char B the identity homomorphism. Now this
implies that char 4 = char B & ker h*. Letting C = char ker #* we get that
A =~ B X C and the theorem is proved.

4. Shape dimension. Let X be a compactum. The fundamental dimension of X,
Sd(X), is the minimum Lebesgue dimension of a compactum Y such that
S(Y) > S(X). Clearly Sd (X) < dim X.

4.1. Theorem. Let G be a compact connected topological group. Then Sd (G)
= dim G.

Proof. According to the remarks in the Introduction G is the inverse limit of
an inverse system of Lie groups, {L,;7g;a < B € A} with the L,’s Lie groups
and the projection maps, continuous surjective homomorphisms #,: G — L,. By
[4, 1.2.11, p. 302] the homomorphisms in Cech cohomology =*: H"(L,Z)
— H"(G,Z) are nonzero for n = dim L,. Now if H"(G,Z) # 0 for an infinite
number of n’s, then dim G = . Also, H*(Y,Z) # 0 for an infinite number of
n’s for any Y shape dominating G and thus dim Y = oo also. Therefore
Sd (G) = dim G = o0. If H"(G,Z) = 0 for all n > m with H™(G,Z) # 0,
then dim L, < m for all « € 4. Thus dim G < m. However, dim Y > m for
any Y with S(Y) > S(G) since H™(Y,Z) # 0. Thus dim G = Sd (G) = m in
this case also.

Appendix: The equivalence of two approaches to shape theory. Here we will
prove that, for the category C of compact Hausdorff spaces and continuous maps
and the homotopy functor H: C — HC, the shape functor S: C — SC given in
[6] gives the same shape classification for compacta as the approach by Mardesic
and Segal [8] using ANR-systems. Actually, the situation is more general as we
will point out in a remark at the end. Let X and Y be compact Hausdorff spaces.
Let X = {X,; 7m0 < B € A} and Y = {¥,;m4;y < 6 € I'} be ANR-systems
associated with X and Y, respectively, with {z,: X - X,} and {p,: Y — Y} the
projection maps making X and Y the projective limits of X and Y, respectively.

Theorem. Let f: X > Y be a map of ANR-systems. Then
(1) f induces a morphism G = G(f) from X to Y in the shape category SC
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uniquely defined by G(H(p,y)) =H(fy o ﬂf(,y)) forall y€T.
(2) The maps of ANR-systems f and g are homotopic if and only if G(f)

= G(g).
(3) If G is a morphism from X to Y in SC, then there is a map of ANR-systems
£: X - Y with G(f) = G.

Proof. First we will show (1). Let P be an H-object and p: Y — P a continuous
function. There is a y €T and a continuous map p': ¥, = P such that
H(p" o p,) = H(p). Then define G(f)(H(p)) = H(p" ° f, © m,). We will now
show that G(f) is well defined. Suppose that § € I' and p® is such that
H(p® o ps) = H(p). Then there is a A €T with A > & and A > y. Then
H(p) = H(p" ° pp © p) = H(p® ° pss © py)- Thus there is a A" > A such that

H(p" o ppr © pav) = H(P® © par © pax)-
This implies that

H(P" ° T ° Traoray) =H @ © )00 © Trapray)-
Thus,

H(p" ° mropr00) © Trony) = H(P® © Mgy © Tovy)

and we have that H(p" o my,)) = H(p® ° m)) and thus G(f)(H(p)) is well
defined. If we define G(f)(H(g)) = H(g) for H(g) a morphism in Hy, then G(f)
becomes a covariant functor from Hy to Hy having the property that G(H(p,))
= H(/, o m,) for all y € I. According to Lemma 4.1 of [6], this defines G
uniquely.

Now we will prove (2). First suppose that f and g are homotopic as maps of
ANR-systems. We will show that G(f) = G(g). Let y € T. Since G(H(p,))
= H(f, o m,) uniquely defines G(f) we need only show that G(f)(H(p,))
= G(g)(H(p,)). By the definition of f and g being homotopic [8, p. 43] we have
that there is an a € 4 with @ > f(y) and a > g(y) such that

H(f, © Tpa) = H(gy © Tyia)-

This implies that
H(f, © o © ) = H(gy © Moo © T)

and therefore that

H(f, © ) = H(gy © m)-
Thus

G(f)(H(p,)) = G(g)(H(py)) and G(f) = G(g).

Now suppose that G(f) = G(g). Let y € T. Then H(f, ° 7)) = H(gy © Ty))-
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Let a € 4 with @ > f(y) and a > g(y). Then

H(f, ° Mo © W) = H(gy © Typq © ).
By Property (2.3) in [6, p. 160] (or by Lemma 4 of [8]), there is a 8 > a with

H(f; © T © Tap) = H(gy © Ty © Tap).

That is, H(f, © m)5) = H(g, © 7)) with B > f(y) and B > g(y). This implies
that f and g are homotopic as maps of ANR-systems.

Now we will show (3). Let G be a shape morphism from X to Y which is a
covariant functor from Hy to Hy as in [6, §4]. Then, fory € T, letg,: X — Y, be
* such that G(H(p,)) = H(g,). Because G(H(p)) = H(p) for every morphism
H(p) in Hy [6, p. 162] we have that, for y > 8, H(g,) = H(p,;) © H(g;). By
Remark 2 of [8, p. 51] we get a map of ANR-systems f: X — Y such that
H({, ° m,)) = G(H(p,)). Then, by (1), G(f) = G. The proof of the theorem is
now complete.

Corollary. Two compacta are shape equivalent in the sense of Holsztyrski if and
only if they are shape equivalent in the sense of Mardesic and Segal.

There is a way to generalize the approach of Mardesic and Segal. Let
E: C = EC be a projection functor on a semiclassical E-category C. Let A(C)
denote the category of E-object systems where the objects of A(C) are inverse
systems X = {X,;mg;a < B € A} of E-objects X, in C where the directed set 4
is closure finite. Let Y = {¥,; ms;y < § € I'} be another E-object system. Let a
map of E-object systems f: X — Y be defined by an increasing function f: T’ — 4
and morphisms f,: X;) = ¥, in C for each y € T satisfying the condition that,
fory <6,

E(f, © mpe) = Elpys © o)-

Define two maps of E-object systems to be homotopic in a manner analogous to
maps of ANR-systems [8, p. 43].

Let X be an object in C. Then X is associated with the E-object system X if
there is a presentation of X, {X;7,; a € A} making X the projective limit of the
inverse system X in C. By the definition of an E-category and by Lemma 2.4 of
this paper, every object X in C is associated with an E-object system. Except for
the fact that 4 is closure finite, the only properties of ANR-systems used in the
proof of the previous theorem in this Appendix are the properties in Lemma 3
and Lemma 4 in [8] which are properties (2.2) and (2.3) of E-objects in [6]. The
proof of the previous theorem can be modified slightly to give a proof of the
following theorem where X and Y are objects of C associated with the E-object
systems X and Y. The functor of shape S: C — SC is that given in §§4 and 5 of
[6] for the functor E.
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Theorem. Let f: X = Y be a map of E-object systems. Then (1) £ induces a
morphism G = G(f) from X to Y in the shape category SC uniquely defined by
G(E(py)) = E(f, ° m,)) forally € T.

(2) The maps of E-object systems § and g are homotopic if and only if
G(f) = G(g)-

(3) If G is a morphism from X to Y in SC, then there is a map of E-object systems
f: X - Y with G(f) = G.

Thus, for such a category C and projection functor E, these developments lead
to the same notion of shape equivalence.
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